Black holes are usually studied without including effects of the expanding universe. However in some recent studies black holes have been embedded in an expanding universe, in order to determine the interplay, if any, of these two dynamical processes. Dynamical 3-space theory contains time independent solutions for black holes, which are spatial in-flows, and separately the time dependent Hubble expansion. This theory has explained numerous puzzles in observational astrophysics and contains 3 constants; G, -which from experimental data turns out to be the fine structure constant, and -which is a small but nonzero distance, possibly a Planck-type length. The Hubble expansion in the dynamical 3-space theory cannot be 'switched off', forcing the study, first, of isolated black holes coexisting with the expanding universe. It is shown that a time dependent black hole and expanding universe solution exists. The nature and implications of these solutions are discussed as they evolve over time. A dynamical network of black holes and induced linking cosmic filaments forming bubble structures is discussed, as a consequence of dynamical 3-space undergoing a dynamical breakdown of homogeneity and isotropy, even in the absence of baryonic matter.
Introduction
The motions of stars in galaxies are strongly affected by their central massive black holes, and that of galaxies in clusters are also affected by the expansion of the universe [13] . Then the need arises to analyse black holes in the expanding universe, with the view to checking if that expansion affects black hole characteristics. There is a long history of attempts to model this phenomenon analytically; early attempts include the Einstein-Strauss model through embedding Schwarzschild black holes in the background (FLRW) universe [10] , and also the well known McVittie solution [16] . This gradually lead to models (see [12] or [8] for overviews) which include the cosmological constant. The currently accepted work is based on theories of gravitation by Newton, and then extended by Hilbert and Einstein. The use of these models has generated many questions about observational phenomena, such as 'supermassive' galactic central black holes [11] , bore hole anomalies [1, 23] , flat spiral galaxy rotation curves [20] and cosmic filaments [24] . The 'dark matter' and 'dark energy' parameters introduced are required in order to fit the Friedmann universe expansion equation to the type 1a supernovae [19, 22] and CMB data [14] . A more recent account of space and time [2] models time as a non-geometrical process (keeping space and time as separate phenomena), which leads to the dynamical 3-space theory. This theory is a uniquely determined generalisation of Newtonian Gravity (NG) expressed in terms of a velocity field, defined relative to observers, rather than the original gravitational acceleration field. This velocity field corresponds to a space flow, which has been detected in numerous experiments. These include gas-mode Michelson interferometer, optical fibre interferometer and coaxial cable experiments, and spacecraft Earth-flyby Doppler shift data [5] . The observational phenomena mentioned above are now gradually becoming interpreted through understanding the dynamics of space, which appears to offer an explanation for 'dark matter' and 'dark energy' effects [6, 7] . A brief introduction to the dynamical 3-space theory along with experimental and observational tests is given in sects. 2-5. In sects. 6 and 7 we report the discovery of exact black hole solutions embedded in an expanding universe, and discuss the nature of their evolution over time, suggesting that primordial black holes develop linking filaments, which in turn form a cosmic network with bubble structures.
Dynamical 3-Space
Process Physics [2] is a theory of reality which models time as a non-geometric process, with space-geometry and quantum physics being emergent and unified phenomena. The emergent geometry is thought of as a structured quantumfoam 'space' and is found to be dynamic and fractal in nature, with its 3 dimensionality only approximate at micro scales. If non-trivial topological aspects of the quantum foam are ignored, it may be coarse-grain embedded in a 3-dimensional geometrical manifold. This embedding ultimately allows us to describe the dynamics of the quantum foam, or space, using a classical velocity field v@r; tA, relative to an observer with coordinate system r and t [6] , and here assuming zero vorticity, r ¢ v a 0: 
This is Newtonian gravity, but with the extra dynamical term which has been used to define an effective 'dark matter' density. Here DM is purely a space/quantum foam self interaction effect, and is the matter density needed within Newtonian gravity to explain dynamical effects caused by the and effects in (1). This effect has been shown to offer an explanation for the 'dark matter' effect in spiral galaxies, anomalies in laboratory G measurements, bore hole g anomalies, and the systematics of galactic black hole masses, as noted below. When a H and a H, (3) reduces to Newtonian gravity. The term has the same order derivatives as the Euler term, and so cannot be neglected a priori. It was, however, missed by Newton as its consequences are not easily observable in the solar system, because of the low mass of planets relative to the massive sun. However in galaxies this term plays a major role, and the Milky Way black hole data has given evidence for that term and as well for the next higher order derivative terms. The spatial dynamics is non-local and instantaneous, which points to the universe being highly connected, consistent with the deeper pre-space process physics. Historically this was first noticed by Newton who called it actionat-a-distance. To see this (1) 
This shows a high degree of non-locality and non-linearity, and in particular that the behaviour of both DM and manifest at a distance irrespective of the dynamics of the intervening space. This non-local behaviour is analogous to that in quantum systems and may offer a resolution to the horizon problem.
¡g a g NG @dA g@dA a PHGd C O@ P A (6) where d < H is the depth. The Greenland [1] (see Fig.1) and Nevada bore hole data [23] , reveal that % I=IQU, the fine structure constant known from quantum theory. This suggests we are seeing a unification of gravity and the quantum theory.
In conventional theory black holes are required to have enormous quantities of actual in-fallen matter compressed into essentially a point-like region. Their g $ I=r P gravitational acceleration field is unable to explain flat spiral galaxy rotation curves, resulting in the invention of 'dark matter'. Dynamical 3-space theory however also predicts 1=137 from fitting the form in (6) . The misfit at shallow depths arises from the ice not having reached the ice-shelf full density, which is a snow compactification effect. The Nevada rock bore hole data [23] also gives 1=137. The bore hole anomaly is that gravity is stronger down a bore hole than predicted by Newtonian gravity.
black holes in the absence of in-fallen matter, which produce a stronger acceleration field g $ I=r, as discussed below. They are spherically symmetric in-flows of space, with space not being conserved. In the absence of matter, a H, we set v@r; tA a v@rA r. Previous work considered solutions of (1) 
where is an arbitrary parameter for the strength of the black hole. Eqn. (1) 
where r is the perpendicular distance from the filament and is the arbitrary filament strength. The solutions (7) and (8) contain a singularity at r a H where the in-flow speed becomes infinite. Asymptotically, even when H, these black hole solutions predict flat spiral galaxy rotation curves, for the inflow in (7) gives g@rA a S P =Pr ICS $ I=r, giving the circular orbit speed v H @rA a @IH P A I=P =Pr S=P , and illustrated in Fig.2 . This suggests that the 'dark matter' effect is caused by the dynamical term, a space selfinteraction. The Maxwell EM equations take account of the 3-space dynamics by making the change @=@t 3 @=@t C v ¡ r.
Then we obtain strong galactic light bending and lensing caused by the inflow speed in (7) 
0 -Black Holes and Filaments
More recently the H scenario was considered. The form of (1) is expected as a semi-classical derivative expansion of an underlying quantum theory, where higher order derivatives are indicative of shorter length-scale physics. 
where I F I a; b; w is the confluent hypergeometric function. The parameters v H and set the strength and structure of the black hole, as discussed in [6] . Eqn. (9) is a generalisation of (7), and for r ) gives
giving, from (2), g@rA a GM@rA=r P , where M@rA defines an 'effective mass' contained within radius r, but which does not entail any actually matter, hole, from star and gas cloud orbital data, showing the flat regime that mimics a point-like mass, but for which there is no actual matter contained within the black hole, and the linearly rising form beyond rs =1.33pc, as predicted by (11), but which is usually attributed to a constant 'dark matter' density. This form is a direct consequence of the 3-space self-interactions in (1). The offset of the last two points indicate the presence of actual matter. and r s is the distance where M@r s A a PM H . This is shown in Fig.3 for the Milky Way SgrA £ black hole. At large r the in-flow speed becomes very slowly changing , thus predicting flat rotation curves given by [6] v orb @rA P a GM H r s r S I r s : Fig.4 illustrates that for globular clusters and spherical galaxies the observational data implies the relationship M BH a P M. Again we see that the term dynamics appear to be the cause of this result, although this has yet to be derived from (1). Exact filament solutions for (1) also exist when H, as a generalisation of (8):
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Here r is the distance perpendicular to the axis of the filament and v@rA is the in-flow in that direction. The only known filament solution is for one that is infinitely long and straight. Both (9) and (13) are well behaved functions which converge to zero as r 3 H., i.e. the in-flow singularities are removed. Ra a C IH a P a IT Q Ga P (14) which is independent of . One of the key features in (14) is that even when a H, i.e. no matter, and a H, a@tA a H and a@tA a t=t H , and the universe is uniformly increasing in scale. Here a@t H A a I and t H is the current age of the universe. This expansion of space is because the space itself is a dynamical system, and the (small) amount of actual baryonic matter merely slightly slows that expansion, as the matter dissipates space. Because of the small value of a I=IQU, the term only plays a significant role in extremely early epochs, but only if the space is completely homogeneous. In the limit 3 H we obtain the solution to (14) a@tA a t t H
Expanding Universe
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H@tA a I t@I C S=PA : (15) which, as also reasoned by [17] , predicts the emergence of a uniformly expanding universe after neglecting the term. This allows a fit to the type 1a supernovae magnituderedshift data (Fig.5) , as discussed in [7] , and suggests that the dynamical 3-space theory also offers an explanation for the 'dark energy' effect. The £CDM parameters £ a H:UQ; M a H:PU, follow from either fitting to the supernovae data, or equally well, fitting to the uniformly expanding universe solution in (15) [7] . Via the dynamical 3-space solution the supernovae data gives an age for the universe of t H a IQ:U Gy.
Black Hole -Expanding Universe
The Hubble solution (15) does not contain a free parameter, i.e. in the dynamical 3-space theory the universe necessarily expands, and hence it cannot be ignored when considering black holes and filaments. Since any radially flowing and time dependent v@r; tA (i.e. containing both outflows and inflows) has spherical symmetry, (1) ; and so w@r; tA a r 5 2 t (18) which is the original black hole solution (7), but now with an inverse time dependence. Eqn (17) is for the black hole located at r a 0. For a black hole comoving with the local Hubble space flow the solution of (1) 
where r H a r a@tAr BH when the observer is at r a 0, and the black hole is located at a@tAr BH . Macroscopic black holes are expected to form from coalescence of mini primordial black holes. A consequence of (17) is that for any black hole there exists a critical radius r c where the spatial inflow into the black hole is equal and opposite to the Hubble expansion, Fig.6 , so defining a sphere of influence. Test particles placed inside r c are attracted to the black hole due to gravity, while those placed outside r c , and at rest wrt the local space, recede from it due to expansion. This critical radius is found to remain independent of time, i.e. r c only depends on the black hole strength . r c is expected to be sufficiently large that the black hole -star distance r in a galaxy today is negligible compared to r c , i.e. r ( r c , therefore not affecting the size of the galaxies themselves. This effect would : Schematic 3-space velocity for an isolated black hole embedded in an expanding universe, see (17) , showing radius at which flow reverses, defining the black holes sphere of influence.
more likely be evident at a distance which galaxies are separated by, as suggested by the galaxy cluster data in [18] . 
Induced Filaments and Bubble Networks
We have seen that the dynamical 3-space theory offers possible explanations for many phenomena, including that of an isolated black hole coexisting with the Hubble expansion. It also has filament solutions, in the absence of the Hubble expansion. However with multiple black holes a new feature appears to emerge, namely cosmic networks of black holes and induced filaments. First note that the black hole inflow speed in (10) is essentially very long range, resulting in the matter acceleration g@rA $ I=r, which is a key feature of these black holes, and may explain the 'dark matter' effect. However this long range in-flow raises the question of how multiple black holes coexist when located within one another's sphere of influence? Fig.7 shows the vector addition of the inflows for two black holes. This cannot be a solution of (1) as it is non-linear and so does not have a superposition property. Whence this flow must evolve over time. Indeed the evolving flow appears to form a filament connecting the two black holes. However even then there remains a long range inflow, which would lead to further filaments connecting black holes within their range of influence. These black holes are remnants of the early formation of space, and imply that (1) will undergo a dy- namical breaking of symmetry, from an essentially homogeneous and isotropic 3-space, to a network of black holes and induced filaments. Note that the matter content of the universe is very small, and does not play a key role in this structure formation. A possible dynamically stable 3-space structure is shown in fig.8 , which entails this network forming a bubble structure with the network defining a 'surface' for the bubbles. The stability of this is suggested by noting that the Hubble expansion within the interior of each bubble is now consistent with the inflow into the black holes and filaments, and so there is no longer a dynamical clash between the long range flows. Bubble structures like these are indeed found in the universe, where galaxies are observed to be joined by filaments lying on spherical surfaces, filled with large voids [9, 21] .
Conclusions
It is clear that instead of studying black-hole only cases, we need to model astrophysical and cosmological phenomena embedded in an expanding universe. The dynamical 3-space theory naturally forces us to do this, as there is no free parameter to switch off the emergent expanding universe solution, and so must be included. It has been shown that the long range black hole solutions found previously hold while embedded in an expanding universe. It is suggested that the time dependent nature of these new solutions explains in part the observed cosmic web. It appears that the dynamics of the 3-space, in the presence of primordial black holes, essentially defects in the space emerging from the quantum foam, renders a homogeneous and isotropic universe dynamically unstable, even without the presence of matter, resulting in a spatial bubble network. The long range g $ I=r of both the black holes and induced filaments will cause matter to rapidly infall and concentrate around these spatial structures, resulting in the precocious formation of galaxies.
